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The study of nonsingular curves passing through points of ip’ in generic position 
is continued, as started by the authors (J. Algebra 92 (1985) 000-000). Here 
“generic” takes forms weaker than those studied earlier. First a comparison is made 
among the different types of genericity. Then bounds (or the exact value) are found 
for the least integer 6 such that there exists a nonsingular curve of degree less than 
or equal to 6 passing through n points of ip2 in such “generic” positions. The 
results are applied to give an improvement to a bound of S. Greco and 
P. Valabrega. (On the algebraic varieties containing a curve in projective space, 
preprint). 0 1985 Academic Press, Inc. 
INTRODUCTION 
This paper is concerned, as was the previous one [MR], in finding 
nonsingular curves passing through n “suitable” points in Ip:, k an 
algebraically closed field of any characteristic. 
We recall that we look for an answer to the following question: 
(Q) Given n points in ip: (n > 2), subject to some condition of 
“genericity,” what is the least integer 6 such that there is a nonsingular curve 
of degree less than or equal to 6 passing through the points? 
We will give later a definition of “weak genericity” which was only 
outlined in [MR] and we will compare it with other types of genericity 
already studied in [MR] and in [Hl] (cf. Propositions 1.7, 1.9, 1.10 and 
1.13 and Corollary 1.14) and then we will look for its number 6 as required 
from the question (Q) (cf. Propositions 1.18, 2.1, 2.3, and 2.7 and 
Corollary 2.5). 
We shall retain the terminology of [MR] throughout the paper. 
Again we make use of the “Bertini theorem” proved by S. Greco and 
* This paper was written while both authors were members of CNR sez. 3 of GNSAGA. 
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P. Valabrega (cf. [GV]) in any characteristic. We recall this theorem in the 
particular form which will be used later. 
THEOREM A (Greco and Valabrega). Let S be a linear system of curves 
in [Pi. Assume that 
(i) the base locus of S is contained in a closed set Z c Ip2 (e.g., S 
separates the points of U = [P2 - Z); 
(ii) S separates the tangent vectors on U (cf: [H2], p. 1521). 
Then the generic curve of S is nonsingular at the points of U. 
We point out that the following results hold for any characteristic of the 
ground field. 
1 
In this number we give a new notion of genericity for n points in ip: and 
we compare it with those we gave in [MR] and with a genericity condition 
used by R. Hartshorne in [H 1, Sect. 5 ]. 
Let us recall the following definitions. 
DEFINITION 1.1. A set of n points (n > 3) of Ip2 is in general position 
when no three of them are on a line. 
DEFINITION 1.2. A set 9 = {Pi ,..., P,} of Iz points of Ip2 is in n-generic 
position if dim Bi(Y) = max{ -1, ( i:2) - 1 - n }, for every positive integer i. 
The definition we are giving now imposes weaker conditions to the points 
than the preceding one because it deals only with curves of “low” order to 
which the n points “need not” to belong. 
DEFINITION 1.3. A set 9 = {P, ,..., P,} of n points of ip2 is in weak n- 
generic position when it does not belong to any curve of order i, where 
(i:2) < n. 
Notethat,ifweputn=(d~2)+h,O~h~d+l,npointsareinweakn- 
generic position if they do not belong to any curve of order d; Definition 1.3 
is then the same as the d-geometric genericity defined in [A]. 
In [HI ] we find a property for n points ‘in Ip* which we express with the 
following 
DEFINITION 1.4. We say that n points of ip’, it = (“i’) + h, 
0 < h < d + 1, satisfy condition H (or are in H-position), when they are in 
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weak n-generic position and there exists an irreducible curve of order d + 1 
through them. 
Obviously n points in n-generic position or in H-position are in weak n- 
generic position. On the other hand 5 points, 4 of which on a line, are in 
weak 5-generic position but they are neither in Sgeneric position nor in H- 
position. 
This example can be generalized by taking in P* 12 = (d:“) + 2 points 
such that d + 3 of them are on a line and the remaining (“z ’ ) are in weak 
(“z ’ )-generic position, so that they do not belong to any curve of order 
d - 1; in this way the n points do not lie on any curve of order d, while the 
system of curves of order d + 1 passing through them splits in a line through 
the d + 3 points and in the system IId( where ,P indicates the set of the 
remaining points, which has dimension >d, while the right one would be 
(“i”)- 1 -n=d-- 1. 
EXAMPLE 1.5. Let us consider a set ,P = {PI,..., P,} of 8 points of P2, 
with P, ,..., P, on an irreducible conic and P, out of it and not collinear with 
any pair of the others. We observe that all the cubits through 3 are 
reducible so the points are not in H-position; on the other hand 
dim B,(Y) = 1, hence .P is in g-generic position. Thus, in particular, 
condition H does not follow from n-genericity. 
At last we remark that the 9 points at which two irreducible cubits 
intersect are in H-position but not in 9-generic position. 
Let us see now in which cases some of the above properties coincide. We 
need a lemma. 
LEMMA 1.6. Let .9= {P, ,..., P,} be a set of n points of ip2 in weak n- 
generic position, if n = (“i ‘) + h, with 0 < h < d + 1, there exist (“z ‘) - 1 
points in .9 which belong to a unique curve of order d. 
Proof. What we have to prove is that there exists in .F” a set of 
kd:2if-pl points wh ic imposes independent conditions to the linear system h 
, ,..., Pi E ,P, i < (“i “) - 1, impose independent conditions to B,, 
th”,, there exists Pi+ I E 9 which imposes an independent condition to 
B,(P, T-.-T Pi): otherwise 9 - (PI,..., Pi} would belong to the base locus of 
Bd(P, ,..., Pi) and this contradicts the hypothesis. 
PROPOSITION 1.7. If a set of n points of Ip2, 9 = {P, ,..., P, j, is in weak 
n-generic position, with n = (“l’) + h, h = 0, 1, then 9 is in n-generic 
position. 
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Proof: It is enough to prove that 
dimB,+,(Y)= (“:‘I -l--n=d-h+ 1 
(cf. [GO, Proposition 31). By Lemma 1.6 there exist ti= (“z’) - 1 points in 
.P through which passes a unique curve of order d; let us call P, (resp. 
P, , P2) the remaining point (resp. points). Now we choose d - h + 1 suitable 
points such that there is a unique curve of Bd+l(Y) through them. If h = 0, 
we take d + 1 points on a line 1 passing through P, and not through the 
others: in this way a curve of Bdtl(9) p assing through these points will 
contain I and another curve of order d passing through the remaining 8 
points; now, this is unique by Lemma 1.6, so dim B,, 1(9) = d + 1. If h = 1, 
the line P,P, contains j of the fi points, j > 0. Then, let us take d - j points 
on P,P,: the curves of Bdfl(9) p assing through them must contain the line 
P, P, and a curve of order d passing through the remaining fi - j points; but 
the linear system of curves of order d passing through these ti - j points has 
dimension j (because of uniqueness of the curve of order d passing through 
the fi points). Hence dim Bd+ ,(Y) = d and the proof is done. 
We remark that if one wants that the inequality ( d:3 ) - 1 - n = 
d - h + 1 > d holds, as it results in the previous proof, it must be 0 < h < 1; 
hence, this type of reasoning can not be extended to numbers n different from 
that we considered. 
Remark 1.8. When h = 0 the Definitions 1.2, 1.3 and 1.4 coincide: in 
fact the weak n-genericity implies condition H by Proposition 1.7 and [MR, 
Proposition 2.71. When h = 1, however, the preceding implication does not 
hold any more: it is enough to consider 11 points, 5 of which on a line and 
the remaining 6 not on a conic. 
The following propositions provide a further comparison among the 
definitions of genericity we have so far discussed. 
PROPOSITION 1.9. If n = (“i’) + 2 points of Ip*, say, .B = {P, ,..., P,}, 
are in weak n-generic position and in general position, then they are in n- 
generic position. 
ProoJ: Let us show that dim Bd+ ,(CP) < (“z”) - 1 - n. If it were not so, 
let us consider two points in 9 and the line through them: we take on this 
line other ( d:3 ) - n = d points, so that the curves of B,, i(%Y) through them 
split into the line and a curve of order d. Using the assumption of general 
position, we have that through every n - 2 = (“z’) points of 9 passes a 
curve of order d, hence through every set of (“: “) - 1 points of .P we have, 
at least, a pencil of curves of order d (if such a set were on a unique curve of 
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order d, then all the n points would lie on that curve): this contradicts 
Lemma 1.6. 
PROPOSITION 1.10. If n = (“i’) + 2 points in P2, 9 = {P, ,..., P,}, are 
in H-position, then they are in n-generic position. 
Proof As usual it is enough to prove that Bd+ ,(Y) has the “right” 
dimension, i.e., the number of conditions which 9 imposes on Bd+ I is just n. 
This is true by [Hl, Proposition 5.51: in fact, in our case, the symbols k and 
a which appear there have the values, respectively, d + 1 and d - 1, so that 
the n points of 9 impose independent conditions to all the linear systems of 
curves of order t > d + 1. 
Note that condition H is not equivalent o the weak n-genericity together 
with the general position, not even when n = (“i’) + 2: it is enough to 
consider Example 1.5 for one direction, on the other hand one can always 
consider points in H-position, three of which are collinear. 
We recall one more definition (cf. [GO]). 
DEFINITION 1.11. We say that n points of P2 are in uniform position 
when any s of them are in s-generic position, for every integer s, 3 < s < n. 
The next definition is analogous to the last one in the sense that it makes 
“uniform” the weak n-genericity. 
DEFINITION 1.12. We say that n points of [P2 are in weak uniform 
position if any s of them are in weak s-generic position, for every integer s, 
3<s,<n. 
This definition is equivalent to saying that no 3 of the n points are 
collinear, no 6 of them are on a conic,..., no ( d~: * ) of them are on a curve of 
degree d,, where d, is the greatest integer d such that (“: ‘) < n. 
We already remarked in [MR] that n points in uniform position are in 
weak uniform position too, and we showed by a classical theorem of Cayley 
and Bacharach that the vice versa is not true. In fact this gives the possibility 
to take 9 points in weak uniform position which are, at the same time, base 
locus of a pencil of cubits. We do not know if similar examples can be 
constructed for other groups of points which are in the base locus of linear 
systems of curves of higher degree. However, the following proposition 
holds. 
PROPOSITION 1.13. Let 9 = {P, ,..., P,} be a set of n points of P2, with 
n=(d:2)+h, O<h<d+ l.Assume that 
(a) h < 3 or 
(b) h > 3 and for every integer s such that (“i ‘) + 2 < s < n the 
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linear system of curves of order d + 1 through any s points of 9 have no 
further base points in 9. 
Then P, ,..., P, are in weak uniform position if and only if they are in 
uniform position. 
ProojI It is enough to prove the “only if’ part. So, we must show that 
every s of the n points are in s-generic position, s > 3. Let us take s points in 
9, say, P, ,..., P,; by assumption they are in weak uniform position: if we 
call d the least integer such that ( ‘i2 ) > s, it will suffice to prove that 
dim B,(P, ,..., P,) = ( “i2) - 1 -s (cf. [GO]). 
If s < (“;‘) th en there exist in .Y groups of (“l’) points containing 
(P i ,..., P,} and, by hypothesis, in weak ( “: 2 )-generic position; it follows that 
through these ( “i2) points there is no curve of order d and then 
dimBa(P ,,..., P,)< (“z’)- 1 -s. 
If (d:*)<s< (“i’ ) + 2, the result is true by the Propositions 1.7 and 
1.9. 
At last, let be (d:2)+2<s<n (hence h>3). We set u=s-(di2)-2 
(u > 0), and we consider s - u = (“i ‘) + 2 of the s points, say, P, ,..., P,_, : 
by Proposition 1.9 these points are in (s - u)-generic position and we can 
write 
dimB,+,(P,,...,P,-,)= -l-(s-u)=d-1. 
Let us now impose to the linear system Bd+ ,(P, ,..., P,-,) to pass through the 
points PSpU+, ,..., P, one by one; if we use at each step the hypothesis (b) we 
find that the linear system Bd+ ,(Pl ,..., P,) has just dimension d - 1 - u = 
(“i “) - 1 - s as required. 
The following corollary provides sufficient conditions in order to establish 
the equivalence of the Proposition 1.13. 
COROLLARY 1.14. Let 9 = {P,,..., P,) be a set of n points in IQ’, n = 
(“z’) + h, 0 ,< h < d + 1. Assume that for every integer s such that 
(d:2)+2<s<< 
(i) any set of s points of 9 is (d + l)-free, or 
(ii) there exist at most s groups of s points of 9 which are not 
(d + 1 )-free. 
Then P, ,..., P, are in weak uniform position if and only if they are in uniform 
position. (For the definition of a t-free set of points, see, e.g., [MR, 
Definition 3.11.) 
Proof: We have only to prove that both (i) and (ii) imply the hypothesis 
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(b) of Proposition 1.13; this is trivial if we assume (i). If there were s points 
in ,Y”, say, P, ,..., P,, such that Bd+ *(P, ,..., P,) have a further base point in 
,y, say, P,+ , , then the set {P, ,..., P,, P,, ,} would have s + 1 subsets of s 
points which are not (d + 1)-free, a contradiction by (ii). 
Remark 1.15. (a) Proposition 1.13 provides only a partial result for the 
equivalence between uniform position and weak uniform position and it 
seems to fail for numbers of the type (“:‘) - 1, d > 2 (see the remarks after 
Definition 1.12); the first open case is n = 13, but in this case the 
equivalence holds by Corollary 3.6 of [MR] and the preceding 
Corollary 1.14. The next doubtful case is then given by n = 18. 
(b) The “uniformization” of condition H, i.e., every s of the n points 
are in H-position, coincides with the weak uniform position: one implication 
is an easy consequence of definitions and the vice versa follows from the 
next lemma. 
The following result, in a more general form, can be found in [GM, 
Lemmas 3.4 and 3.61 with the assumption that .P is in uniform position. 
LEMMA 1.16. Let .P = {P ,,..., P,} be a set of n points of Ip’, n = 
( dt2) + h, 0 < h < d + 1. Zf 9 is in weak uniform position then there always 
exists an irreducible curve of order d + 1 passing through 9; ifh > 2 all the 
curves of Bd+ l(CP) are irreducible. 
Proof: If h = 0, 1 the set 9 is in uniform position by Proposition 1.13, 
hence the lemma is true by [GM, Lemmas 3.4 and 3.61 or by [MR, 
Theorem 3.51. 
If h > 2 each curve of Bd+ l(,P) is irreducible. In fact, if a curve in 
Bd+,(,9) splits into two curves of order r and s, with r > 1, s > 1 and 
r + s = d + 1, then one would have by hypothesis 
hence r . s < r + s - h and this is false since r > 1, s > 1 and h 2 2. 
We remark that when h = 0, 1 the reducible curves of B,, ,(9) always 
contain a line, except when n = 10. 
The following corollary gives an answer to the question (Q) when only 
irreducible curves are required. 
COROLLARY 1.17. Let 9 = {P, ,..., P,} be a set of n points of Ip’, 
n = (“l’) + h, 0 ,< h < d + 1; $9 is in weak uniform position there always 
exists an irreducible curve of order less than or equal to d i- 1 passing 
through 9. 
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We remark, at the end of this section, that the n-tuples 9 = {Pi ,..., P,} of 
points of P* in weak n-generic position or in weak uniform position form a 
nonempty open set in (P2)” = P* X . . . x P* (n times); this follows, with 
slight changes, from [GO, Theorem 41. 
Recalling Theorem 3.9 of [MR] we can conclude: 
PROPOSITION 1.18. Let n = (“i’) + h, O< h < d + 1, be any integer; 
there exists an open set in (IF)*)” consisting of n-tuples of points in weak 
uniform position for which it is 6 = d + 1. 
In this section we give an answer to question (Q) under the assumption of 
genericity defined in 1.3, 1.4 and 1.12. 
Using the same terminology as in [MR], for a fixed set 9 of points in P*, 
we denote by C&P) the least degree of a nonsingular plane curve containing 
the points of .P. So, what we mean by 6 in question (Q) is: 
s=fJ(u)=sup{G(.P)/YE Uz(P’)“}, 
where U is some subset of “generic” n-tuples of P2. 
PROPOSITION 2.1. Let n = ( “: ’ ) + h, 0 < h < d + 1, be any integer. Zf 
W, G (iP*)” is the set of n-tuples 9 of points of [P* in weak n-generic 
position, then we have 6 = S(W,) = d + 1 + h. 
ProoJ Since ( d:2 ) + h = (“i ’ ) + d + 1 + h, it is possible to choose n 
points such that d + 1 + h of them are on a line and the other ( d:l ) points 
do not belong to any curve of order d - 1: in this way the n points are in 
weak n-generic position since a curve of degree d through them would split 
into a line and a curve of order d - 1 through the remaining (“i ’ ) points. 
Moreover, each curve of order <d + h through n points chosen as above 
splits: hence it must be 6 > d + 1 + h. 
We now have to show that, for every set .P = {P, ,..., P,} of points in weak 
n-generic position, the linear system Bd+,+,,(9) contains a smooth curve. 
Let us apply Theorem A; we will show that Bd+ i+,,(Y) separates points 
and tangent vectors of P2 - ,P except when d + 1 + h points of .T are on a 
line: in this case a curve of order d + 1 + h does not separate pairs of points 
on that line. 
Let A, B be any two points and I the line AB. Assume first that 1 does not 
contain any point of .P. We have 
dim B d+l+/,(P1,...,Pn,A)> +hd+h+d; 
202 MAGGIONI AND RAGUSA 
if every curve of this system passed through B we could take d + h points on 
I so that the curves of Bd+ 1 + ,+(P1 ,..., P, , A ) through them would split into the 
line I and the linear system Bd+h(9) which has dimension greater than or 
equal to 
dim B d+ 1 fh(P1 Y-.*Y P,,A)-@+A)> + hd. 
If in B d+h(9) there is a curve not containing A or B we can take this curve 
of order d + h and with a further line we separate A and B. Otherwise A and 
B are base points of B,+,(9) an d we can take d + h - 1 points on I so that 
the curves of Bd+h(LB) through them split into the line 1 and the linear 
system Bd+hp,(c9) which would have dimension greater than or equal to 
+hd-(d+h-1). 
Going on in this way we succeed in separating A and B or we obtain 
dim BJ.9) > 
h+l 
( 1 
2 +hd+h+d-(h+d)-(d+h-l)-..e-d=h 
but this contradicts the assumption of weak n-genericity which requires 
dim B&Y) = -1. 
Assume now that the line 1 contains s of the points P, ,..., P,, 
0 < s < d + h; we can repeat the above discussion in an analogous way, 
provided we consider at each step the linear system of curves passing 
through the n - s points of .P which do not belong to 1, say, P,, , ,..., P,. 
Thus we obtain 
dimB,+,(P,+,,...,P,)~ 
dim B d+h-I(Ps+,Y9Pn)> 
= 
+hd+s; 
+hd+s-(d+h-1-s) 
+hd-(d+h-1)+2s 
. . . . . . . . . . . . . . . * . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
dim BJP,+, ,..., P,) > h + (h + 1)s 
and then the linear system of curves of order d passing through P,+ , ,..., P, 
would have dimension >s, so a curve of order d containing .P would exist. 
To separate the tangent vectors we repeat the above reasoning just taking 
any point A in P2 and any line 1 through it. 
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To complete the proof it remains to show that Bd+l+h(9) has neither 
singular points in P, ,..., P, nor on the line I when this line contains d + h + 1 
points of 9. 
We fii a point Pi E 9 and we look for a curve of Bd+,,+ ,(9) for which Pi 
is regular. Let us consider in .9 ( di2 ) - 1 points so that there is a curve of 
order d through them not containing Pi ; through the remaining h + 1 points 
we take h + 1 lines obtaining a curve of degree d + h + 1 regular at Pi. 
If a curve of B d+h+l(9) had a singular point on the line I then it would 
split since d + 1 + h points of 9 do belong to 1; hence it is enough to see 
that there exists a curve in Bd+,,+ 1(9) which does not contain 1. We take on 
I d points among the d + h + 1 which lie on it: with the remaining points of 
P outside I we obtain (“z’) - 1 points through which passes a curve of 
order d which cannot contain 1 by the assumption of genericity. 
Note that the number 6 = d + h + 1 does not change if in the question (Q) 
we look only for irreducible curves instead of nonsingular ones: in fact from 
the proof of the previous proposition one sees that there exist n-tuples of 
points in weak n-generic position such that all curves through them of order 
less than 6 are reducible. 
The following simple lemma is useful to better clarify the notion of weak 
uniform position. 
LEMMA 2.2. Let .P = {P ,,..,, P,} be a set of n points of Ip2 in weak 
uniform position, n = (“i 2 ) + h, with 0 ,< h < d + 1. There exists a nonempty 
open set U c Ip2 such that for every P E U the points P, ,..., P,, P are in 
weak uniform position. 
Proof: It is enough to take U= Ip2 - Z,, where Z, is the closed set 
obtained by the finite union of the curves of order j passing through any 
(‘:*) - 1 points of 9, for every j such that (‘:2) - 1 < n. 
We observe that, given a set 9 of n points in uniform position, one can 
construct a set 9 2 .P of m points still in uniform position, for every m > n 
(cf. [MR, Lemma 3.31). If the n points are in weak uniform position, 
Lemma 2.2 allows one to construct only groups of at most (“z 3 ) - 1 points 
in weak uniform position and containing the n given ones. 
PROPOSITION 2.3. Let n be any integer, n = (“z”) + h, 0 < h ,< d + 1, 
andputh=(h:2)+h’,0,<h’<h+I.Zf W2~(lP2)“isthesetofn-tuples 
9 of points of ip 2 satisfying condition H, then we have d + 1 ,< 6 = 6( W,) < 
d+2+h., (Weputh=-1 when h=O.) 
ProoJ We follow the outline of the proof of Proposition 2.8 of [MR]. We. 
show that B,, 2 +s(9) contains nonsingular curves. We apply Theorem A to 
separate points and tangent vectors of ip* - .9. 
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Let A, B be two points and assume that Pi 6!E AB for every i = l,..., n. If 
dim B d+2+~(~,A)=dimB,+,+~(.8,A,B) 
since 
dim B d+2+h(t9,A)> (d+;+‘) -n-2>d+ 1 +h; 
it is possible to take on the line AB d + 1 + h points so that the curves of 
B d+2+~(.9r A) passing through them split into the line AB and a curve of 
B d+ 1 +dy). Then, 
dim B ,+,+#?>~d+;+i)-,i-2-(d+I+~). 
On the other hand we have 
dim B d+l+K(<FJ=(d+;+i) -l-n+c,+,+,-, 
where cf is the number of dependent conditions which 9 imposes on B,. By 
[Hl, Propositions 5.4 and 5.51 one has c, = 0 for every t > d + 1 + 6. Thus 
we have 
(dt:+? -1-n>(d+;+Q)-n-2-(d+l+h), 
a contradiction. 
If the line AB contains s points of 9 then we repeat the proof just taking 
on AB d + 1 + 6 - s points. To separate the tangent vectors we proceed in 
an analogous way. It remains to prove that Bd+2+i(9) has no singular 
points in .P. 
We note first that Pi is not in the base locus of Bd+ I+h(P, ,..., Pi ,..., P,) ( - 
means omitted), since otherwise 
and this contradicts Hartshorne’s condition (i.e., cd+ r +z = 0). It is enough 
now to take a curve in Bd+l+g(P1,..., pi,..., P,) not passing through Pi and a 
line through it to obtain a curve of Bd+ z+~(9) nonsingular at Pi. 
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PROPOSITION 2.4. Let n be any integer, n = (“:‘) + h, 2 < h < d + 1, 
and let 9 be a set of n points of Ip* such that 
(1) the base locus of Bd+, (9) has a finite number of points; 
(2) each subset of n - 2 - [h/3] points of .P is in weak 
(n - 2 - [ h/3])-generic position; 
(3) 9 is in general position. 
Then there exists a nonsingular curve of degree less than or equal to 
d + 1 + [h/3] passing through 9. 
Proof: We can assume dim Bd+ ,(9) > 1, since otherwise 9 would be in 
n-generic position and the result is true by [MR, Proposition 2.81. 
We apply Theorem A to the linear system Bdti+ ,(9) with i = [h/3]: it 
separates points and tangent vectors of [P* - Z, where Z is the base locus of 
Bd+ I(%?. 
If A, B 6? Z, we can consider a curve of Bd+ ,(9) which does not pass, 
say, through A, and a curve of order i passing through B but not through A. 
Similarly one separates the tangent vectors (to separate Ip2 -Z it would 
suffke, as a matter of fact, the linear system Bdf2(9)). Now we verify that 
the points of Z are not singular for B,, i+ ,(CP). 
If every curve of Bd+i+l(.P) were singular it would be singular at points 
of Z; but Z is a finite set hence all the curves would be singular at a same 
point A E Z. Let B, ,..., Bi+ 1 be i + 1 points of .Y different from A and %9J = 
.u/” - (B, ,..., Bj}, j = l,..., i + 1. We note that A is singular for all the linear 
systems Bd+i+ 1 -j (,Q. On the line AB, we fix d + i -j points, for 
. . I= I ,..., i + 1. Thus, after imposing 
(d+i-l)+(d+i-2)+...+(d-l)= +id+d- 1 
conditions to the linear system Bd+i+ I(9), we obtain at least a curve of 
order d passing through at least n - 2 - i points of .Y (by assumption (3)), 
and this fact contradicts (2). The existence of such a curve of order d follows 
since 
+id+d-h-2, 
so that 
+id+d-1 =3i-h+2>,0 
I 
as i= [h/3]. 
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COROLLARY 2.5. Let n = (“z”) + h, 0 < h Q d + 1, be any integer. If 
W, G (IF ‘)” is the set of n-tuples 9’ of points of IJ 2 in weak uniform position, 
then we have d + 1 < 6 = 6( W,) < d + 1 + [h/3]. 
ProoJ Of course, 6 > d + 1. If 0 < h < 2 we have 6 = d + 1 by virtue of 
Theorem 3.5 of [MR] and of Proposition 1.13; if h > 3 we observe that the 
hypotheses (2) and (3) of the previous proposition are satisfied by the 
definition of weak uniform position; on the other hand by Lemma 1.16 there 
is an irreducible curve of order d + 1 containing 9: so if dim Bd+ i(9) = 0 
then ,B is in uniform position and the assertion follows by Corollary 3.8 of 
[MR]; if dim B,, r(9) > 0, the base locus of Bd+ ,(9) is finite and the 
conclusion follows by Proposition 2.4. 
Remark 2.6. When h = 0, 1,2 the number 6 we find is d + 1, according 
to the equivalence established in Proposition 1.13 and to the number we 
found in [MR, Theorem 3.51. When h = 3,4,5 the bound for 6 coincides 
with what we found for points in uniform position (cf. [MR, Corollary 3.81). 
When h > 5 the number 6 could be different in the uniform and in the weak 
uniform case. 
At last we have the following result which allows us to give, in several 
cases, an improvement to the preceding bound. 
PROPOSIT!ON 2.7. Let n = (“_:‘) + h, 0 < h < d + 1, be any integer and 
write h=(h:2)+h’, O<h’<h+ 1; then we have d+ 1<6=6(W,)< 
min{d + 1 + [h/3], d + 2 + &}. 
Proof: By Remark 1.15(b) the set 9 is in H-position hence the bounds 
follow by Corollary 2.5 and Proposition 2.3. 
Note that 
Application 2.8. Let C be a reduced curve in Ip3 and P E C a point of 
multiplicity ep(C) = n such that emb-dim O,,, = 3 and gr(O,,,) is reduced. 
Greco and Valabrega prove in [GV, Proposition 3.71 that P is a quasi- 
ordinary singularity and that the multiplicity at P of a surface containing C 
and with P as an ordinary singularity, say, p(P), is less than or equal to 
It- 1. 
If we add the hypothesis that the n points of Proj(gr(O,,,)) are subject to 
some condition of genericity, we can substitute to the above bound the 
equality p(P) = 6 (see [GV, Lemma 3.3]), where 6 is the number which 
appears in the question (Q) here and in [MR]. 
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If in particular the Iz points of Proj(gr(O,,.)) are in n-generic position (or 
in uniform position) the hypothesis gr(O,,,) reduced can be substituted by 
the weaker assumption Proj(gr(O,,,)) reduced (see [0, Theorem 3.31). 
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